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Abstract 

This article gives results on several jet algorithms in electron-position annihilation: Con- 
sidered are the exclusive sequential recombination algorithms Durham, Geneva, Jade-EO 
and Cambridge, which are typically used in electron-positron annihilation. In addition also 
inclusive jet algorithms are studied. Results are provided for the inclusive sequential recom- 
bination algorithms Durham, Aachen and anti-& f , as well as the infrared-safe cone algorithm 
SISCone. The results are obtained in perturbative QCD and are N 3 LO for the two-jet rates, 
NNLO for the three-jet rates, NLO for the four-jet rates and LO for the five-jet rates. 



1 Introduction 



Hadronic jets occur in all current high-energy collider experiments. They can be used to extract 
fundamental quantities like the strong coupling with high precision, as it is done in three-jet 
events in electron-positron annihilation. Furthermore they often occur in signatures for searches 
of new physics, typical examples are signatures consisting of jets plus missing transverse mo- 
mentum for new particle searches at the LHC. A detailed understanding of jet physics is essential 
in both cases. 

Loosely speaking, a hadronic jet consists of several detected particles in the event, all of them 
roughly moving in the same direction. For quantitative studies this intuitive pictures has to be 
made more precise. This is done by a jet algorithm, which groups the observed particles in the 
event into jets. There are several jet algorithms on the market, and as a consequence what is 
finally called a jet depends on the chosen jet algorithm. For a better understanding of jet physics 
it is essential to compare and test the various jet algorithms. 

The theoretical description of jet cross sections in high energy collider experiments can be 
done in perturbation theory due to the smallness of the strong coupling. Recently, the next-to- 
next-to-leading order (NNLO) predictions for three-jet events in electron-positron annihilation 
have become available 03-0. It is therefore natural to compare the predictions for different jet 
algorithms. In this paper I consider eight different jet algorithms, which can be grouped into two 
sets of four algorithms each. In the first group there are four jet algorithms traditionally used 
in electron-positron annihilation. These are the algorithms Durham, Geneva, Jade-EO and Cam- 
bridge. The second class of jet algorithms considered in this paper are inclusive jet algorithms. 
Inclusive jet algorithms have their origins in hadron collisions, but can also be considered in 
electron-positron annihilation. The jet algorithms belonging to this second class are: the inclu- 
sive Durham algorithm, the Aachen algorithm, the anti-fc f algorithm and the SISCone algorithm. 

The motivation for this paper is twofold: First of all three-jet events in electron-positron 
annihilation can be used to extract the value of the strong coupling ([8UT51I. Here one uses the 
exclusive jet algorithms from the first group, and - within this group - in particular the Durham 
algorithm. Although first NNLO results for the exclusive jet rates have already appeared in 
EHMl, a careful analysis would need a finer binning and better statistics within the Monte Carlo 
integration. Motivated by this request from the experimentalists I therefore provide in this article 
the exclusive jet rates with a fine binning in the jet resolution parameter and a small Monte Carlo 
integration error. 

Let us now turn to the second motivation. The last years have seen the invention of several 
new jet algorithm to be used in hadron-hadron collisions, like the anti-fc f -algorithm or the SIS- 
Cone algorithm. These algorithms are infrared safe and therefore observables based on these jet 
algorithms can be calculated within perturbation theory. Although these new algorithms have 
been invented for hadron-hadron collisions, they can equally well be formulated for electron- 
positron annihilation. We can therefore study the properties of these new algorithms in the clean 
environment of electron-positron annihilation. This may provide valuable information for the 
behaviour of these algorithms in a hadron-hadron environment. As a first step in this direction 
I provide therefore in this article the perturbative predictions for four inclusive jet algorithms 
(inclusive Durham, Aachen, anti-^ and SISCone). 
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All results in this paper have been obtained with the numerical Monte Carlo program Mer- 
cutio2 |[5l[l6l [I71|- This program gives the five-jet rate at leading order (LO), the four-jet rate 
at next-to-leading order (NLO) and the three-jet rate at NNLO. In addition, the two-jet rate can 
be deducted at N 3 LO from the knowledge of the total hadronic cross section at order a 3 and 
the numbers above. The numerical Monte Carlo program relies heavily on research carried out 
in the past years related to differential NNLO calculations: Integration techniques for two-loop 
amplitudes lfT8l - l25Tl . the calculation of the relevant tree-, one- and two-loop-amplitudes [|2oT - l40l . 
routines for the numerical evaluation of poly logarithms [f4TT443ll . methods to handle infrared 
singularities ||44l - [67l and experience from the NNLO calculations of e + e~ — > 2 jets and other 
processes [|54l[68ti86ll. 

This article reports the pure QCD perturbative results for the jet rates. Not included are soft- 
gluon resummations nor power corrections. Perturbative electro-weak corrections to three-jet 
observables have been reported recently in If87l - [89l . 

This paper is organised as follows: In the next section the set of jet algorithms studied in this 
paper is described in detail. In section [3] the perturbative expansion of the jet rates is reviewed. 
The numerical results for the jet rates are given in section |H Finally, section \5\ contains the 
conclusions. 

2 Jet algorithms 

A jet algorithm is a procedure for grouping particles into jets. A jet algorithm may depend 
on one or more parameters. Usually these parameters define how "large" a jet should be. For 
a meaningful comparison between experiment and theory a jet algorithm has to be infrared- 
safe. We may divide the jet algorithms into two categories: First there are the "exclusive jet 
algorithms", where each particle in an event is assigned uniquely to one jet. The exclusive jet 
algorithms are predominately used in electron-positron annihilation. The second class consists of 
the "inclusive jet algorithms", where each particle is either assigned uniquely to one jet or to no 
jet at all. The inclusive jet algorithms are mainly used in hadron-hadron collisions. It should be 
mentioned that there are also jet algorithms, which allow the possibility that a particle is assigned 
to more than one jet. Usually one adds then a split-merge procedure, which brings us back to the 
cases listed above. 

Let me start with the specifications for exclusive the jet algorithms. The exclusive jet algo- 
rithms are mainly sequential recombination algorithms and are specified by a clustering proce- 
dure. The clustering procedure usually depends on a resolution variable and a recombination 
prescription. In the simplest case the clustering procedure is defined through the following steps: 

1 . Define a resolution parameter y cut 

2. For every pair (pk-,Pi) of final-state particles compute the corresponding resolution variable 

yki- 

3. If yij is the smallest value of computed above and y ;/ < y cut then combine (pi,Pj) into 
a single jet ('pseudo-particle') with momentum pij according to a recombination prescrip- 
tion. 
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4. Repeat until all pairs of objects (particles and/or pseudo-particles) have y^i > y cu t- 



The various jet algorithms differ in the precise definition of the resolution measure and the re- 
combination prescription. The various recombination prescriptions are: 



1. E-scheme: 



Ei+Ej, p ij =p i + pj. 



(1) 



The E-scheme conserves energy and momentum, but for massless particles i and j the 
recombined four-momentum is not massless. 



2. EO-scheme: 



Ei + E 



-> E{ ' + Ej I / v 
j, Pij = |^ ; z I [Pi +Pj)- 
\Pi+Pj\ 



(2) 



The EO-scheme conserves energy, but not momentum. For massless particles i and j is the 
recombined four-momentum again massless. 



3. P- scheme: 



\Pi + Pj\ 
Ei + E: 



(Ei + Ej) = \pi + pj\, pij = pi + pj. 



(3) 



The P-scheme conserves momentum, but not energy. For massless particles / and j is the 
recombined four-momentum again massless, as in the EO-scheme. 

For the Durham [90], Geneva ||9Ul and Jade-EO ||92l jet algorithms the resolution variables and 
the recombination prescriptions are defined as follows: 



Durham: 
Geneva: 

Jade-EO: 



yij 

yij 
yij 



2min(£ ; 2 5 £2) (l- cos By) 

Q 2 

8 2EiEj (1- cos Qij) 
2EiEj (l — cos By) 

~Q 2 ' 



E-scheme, 



E-scheme, 



EO-scheme, 



(4) 



where Ej and Ej are the energies of particles i and j, and By is the angle between pi and pj. Q is 
the centre-of-mass energy. 

The Cambridge algorithm ||93l distinguishes an ordering variable v, j and a resolution variable 
yij. The clustering procedure of the Cambridge algorithm is defined as follows: 

1. Select a pair of objects {puPj) with the minimal value of the ordering variable vy. 

2. If yij < y cut they are combined, one recomputes the relevant values of the ordering variable 
and goes back to the first step. 
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3- If yij > y C ut and Ei < Ej then i is defined as a resolved jet and deleted from the table. 

4. Repeat until only one object is left in the table. This object is also defined as a jet and 
clustering is finished. 



As ordering variable 



v, 



2(1 -cos By) (5) 



is used. The resolution variable is as in the Durham algorithm 

2rmn(£?,£ 2 )(l-cos6y) 

yu = -Q2 ( 6 ) 

and the E-scheme is used as recombination prescription. 

In this paper we study in addition inclusive jet algorithms. The first three inclusive jet al- 
gorithms under consideration are again sequential recombination algorithms. The clustering 
procedure is now defined by 

1 . Define a resolution parameter y cut 

2. For every pair (pk,Pi) of final-state particles compute the corresponding resolution variable 

yu- 

3. If yy is the smallest value of y^i computed above and y,-; < y cut then combine (puPj) into 
a single jet ('pseudo-particle') with momentum pij according to a recombination prescrip- 
tion. 

4. Repeat until all pairs of objects (particles and/or pseudo-particles) have y\a > y cu t- 

5. Objects with E > E m \ n are called jets. 

This procedure depends on two parameters y cut and E m i„. Step 5 is new compared to the cluster- 
ing procedure of the exclusive case: Only pseudo-particles with an energy larger than E m i„ are 
called jets. For the inclusive Durham algorithm, the Aachen algorithm [|94l and the anti-£ ? algo- 
rithm Il95l the resolution measures and the recombination prescriptions are defined as follows: 

2mm(E?,Ej) (l -cos By) 
Durham: yy = , E-scheme, 

Aachen: yy = - (l — cos By) , E-scheme, 

Anti-fc r : yy = ^(? 2 min f i, i ) (l - cos By) , E-scheme, (7) 

8 \E t EJ 

These resolution measures are all special cases from a family of resolution measures given by 



yij =4 m min (Ef p ,E? (l-cos8y), (8) 



which is parametrised by a variable p. The resolution measures for the Durham, Aachen and 
anti-fc f algorithms correspond to p = 1 , p = and p = — 1 , respectively. The Aachen algorithm 
has originally been defined for deep-inelastic scattering, the anti-£ f algorithm has originally been 
defined for hadron-hadron collisions. The definitions above adopt these algorithms to the case of 
electron-positron annihilation. The inclusive version of the Durham algorithm differs from the 
exclusive version of the Durham algorithm by the fact that at the end of the clustering procedure 
only pseudo-particles with an energy larger than E mi -„ are considered as (hard) jets. This is due to 
the additional step 5. For the Aachen and the anti-^ algorithms the additional step 5 is essential. 
The resolution measures of these algorithms allow that a single soft parton emitted at large angle 
to all hard jets forms a protojet after step 4. This would not be infrared-safe and step 5 removes 
protojets with an energy smaller than £ miJ! . 

In addition we consider one further inclusive jet algorithm: the infrared-safe cone algorithm 
SISCone [96|. We use the spherical version of this algorithm, which is appropriate for electron- 
positron annihilation. The algorithm depends on four parameters (R, E m i„, n pass and /). The 
most important parameters are the the cone half-opening angle R and the parameter £ mi -„ defined 
as above. For a uniform notation throughout this paper we relate the cone half-opening angle R 
to a parameter y cut by 

y C ut = l-cosi?. (9) 

The parameter n pass specifies how often the procedure for finding stable cones is maximally 
iterated. The split-merge procedure of this algorithm depends on an overlap parameter /. In 
detail the SISCone algorithm is specified as follows: 

1 . Put the set of current particles equal to the set of all particles in the event and set i pass = 0. 

2. For the current set of particles find all stable cones with cone half-opening angle R. 

3. Each stable cone is added to the list of protojets. 

4. Remove all particles that are in stable cones from the list of current particles and increase 

' pass ■ 

5. If i pass < n pass and some new stable cones have been found in this pass, go back to step 2. 

6. Run the split-merge procedure with overlap parameter /. 

7. Objects with E > E m i„ are called jets. 

A set of particles defines a cone axis, which is given as the sum of the momenta of all particles 
in the set. A cone is called stable for the cone half-opening angle R, if all particles defining the 
cone axis have an angle smaller than R to the cone axis and if all particles not belonging to the 
cone have an angle larger than R with respect to the cone axis. The angle between a particle 
with three-momentum pj and a cone axis given by p cone is given by 

0P j ' Pcone , -. m 

= I ^ I r. (10) 

\Pj | \Pcone\ 
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The four-momentum of a protojet is the sum of the four-momenta of the particles in the protojet. 
This corresponds to the E-scheme. The split-merge procedure requires an infrared-safe ordering 
variable for the protojets. For events in electron-positron annihilation this ordering variable is 
denoted E and is given for a protojet / with three-momentum pi by 

E(I) = £/4[l+sin 2 e(/5,,/J/)]. (11) 

kei 

The sum is over all particles in the protojet. The split-merge procedure is defined as follows: 

1 . Find the protojet / with the highest E (I) . 

2. Among the remaining protojets find the one (/) with highest E{J) that overlaps with J. 

3. If there is such an overlapping jet then compute the sum of the energies of the particles 
shared by / and J: 

E shared = ^ E k . (12) 

ke(irj) 

(a) If E 'shared < fE(J) assign each particle that is shared between the two protojets to the 
protojet whose axis is closest. Recalculate the momenta of the protojets. 

(b) If E shared > fE(J) merge the two protojets into a single new protojet and remove the 
two original ones. 

4. Otherwise, if no overlapping jet exists, then add / to the list of jets and remove it from the 
list of protojets. 

5. As long as there are protojets left, go back to step 1. 

It should be noted that the SISCone algorithm described here is the one adapted to electron- 
positron annihilation. This version uses opening angles as a distance measure in contrast to the 
distance measure based on rapidity and azimuthal angle which is typically used in hadron-hadron 
collisions. Furthermore, the energy E and the ordering quantity E are used in the split-merge 
procedure instead of p t and p t . 

In this article we will always keep the default value of infinity for the parameter n pass . This 
ensures that all particles are associated to protojets. Furthermore we will also always keep the 
default value of / = 1/2 for the overlap parameter. The original implementation of [|96ll foresees 
the possibility that in step 1 of the split-merge procedure protojets with an energy smaller than a 
threshold E t hreshold are immediately discarded. We can set the value Ethreshold to zero, since we 
keep in step 7 at the end of the main algorithm only jets with an energy larger than E m j n . 

The inclusive jet algorithms all depend on a parameter E m { n . It is convenient to introduce a 
dimensionless quantity T| m! - n , related to E m i n by 

Emin = T\minv$^ i (13) 
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where y£fi is the centre-of-mass energy. Throughout this paper we use the value 

ru„ = 0.077. (14) 

This value corresponds to E min = 1 GeV for a/2 2 = m z and is motivated by the value used by 
the OPAL collaboration (92. 



3 Perturbative expansion 

The production rate for n-jet events in electron-positron annihilation is given as the ratio of the 
cross section for n-jet events divided by the total hadronic cross section 

Rh(m) = ^¥r- (is) 

The arbitrary renormalisation scale is denoted by /j. The production rates can be calculated within 
perturbation theory. Assuming that the jet algorithm does not classify any event as a one-jet or 
zero-jet event, we have the perturbative expansions 



oc,(» - , . , / a,(»\ 2 - / a s (/i) N 3 



S J 1 



2tc \ 2% J \ 2% 

2 / „. / \ \ 3 



s ) ' 



*4(m) = [^) Hp) + ) G*&i) + o(aJ 



271 / V 271 
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*5&0= (^J C 5 (^) + o(a:). 

If the jet algorithms allows the possibility that an event is classified as a one-jet or zero-jet event, 
we can keep the notation as above, but have to interpret R 2 as the production rate for events with 
no more than two jets. This occurs for example in the SISCone algorithm, where a tiny fraction 
of events are classified as one-jet events due to the split-merge procedure. 
In practise the numerical program computes the quantities 

\ 2 / \ 3 

G4-jetW __ ( , , / a 5 (/i) \ 4 



° 3 -^M- ( a ' { ^cM + o(<4) 



ao(//) V 271 
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normalised to Go, which is the LO cross section for e + e —> hadrons, instead of the normalisation 
to c tot . The corresponding coefficients A 2 (^), #20") an d QzG") ^ or tne two "j et rate 



G2-jetM 



1+ ^r A2(A,)+ 



2k 



B 2 {n) + 



2k 



C 2 (/u) + o(a 4 s ) (16) 



are obtained from the coefficients of three-, four- and five-jet rates and the known perturbative 
expansion of the total hadronic cross section a tot 



OtM = o (ji) I 1 + ^^-Atotifi) + 



2k 



Mm) 

2k 



2k 



QM + oia*)]. (17) 



We have 



A 2 
B 2 
Ci 



Btot — B-s — #4, 

Ctot —C3—C4 — C5. 



(18) 



There is a simple relation between the coefficients A n , B n and C n and the coefficients A n , B n and 



8„, 2 A 



tot-, 



B n — B n —A tot A n — 8„.2 {Btot ~Af ot ^ , 

Cn = C n —AfotBn — [B t ot ~A tot j A n — 8„ 5 2 (Ctot — 2A to tBtot +A^ ot ) 



(19) 



It is sufficient to calculate the functions A , B and C for a fixed renormalisation scale fjQ, 
which can be taken conveniently to be equal to the centre-of-mass energy: fiQ = Q- For this scale 
choice the coefficients of the perturbative expansion of the total hadronic cross section are given 



by MiM 


1: 




Atot = 


\c F , 




1 




Btot = 


4 






1 




Ctot = 


8 





3 2 

-C f + CfCa 



123 



-A4^)+C F T R N f (-22+l6^) 



69 



C F + C F C A (-127 - 572^ + 880^ 5 ) + C F C 2 A 



( 90445 10948 



+C F T R N f (-29 + 304^ - 320^ 5 ) + C F C A T R N f 



54 9 
31040 7168 



440 

S3 



27 



+ 



„ 160. 



The colour factors are defined as usual by 

C A =7Y C , C> 



11 4 

7l z C F ( — C A --T R N f 



(20) 



^-1 
27Y C 



1 

2' 



(21) 
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N c denotes the number of colours and Nf the number of light quark flavours. In eq. (l20l) there 
are in addition singlet contributions to the coefficient C tot , which arise from interference terms of 
amplitudes, where the electro-weak boson couples to two different fermion lines. These contri- 
butions are not shown in eq. (l20l) and neglected throughout this paper. At present, these singlet 
contributions are known at order a 3 for the total hadronic cross section and the four- and five-jet 
cross sections. They are not known for the three-jet cross section, but can be expected to be 
numerically small ll3%TM[T0lTl . 

The scale variation can be restored from the renormalisation group equation 



dv 2 



as 
2k 



1 



Po 



0C5V 
2n) 



1 



Pi 



05 
2% 



P2 



(22) 



Po 
Pi 

P2 



11 4 

T C A --T R N f , 



34 



3 

2857 
~54~ 



Ci-4 



Ca+Cf 



-C 5 



3 

/1415 
V 27 



C 2 A + 



T R N f , 
205 



-CaCf 



2C 2 F 



T R N f + 



158 44^ 

tT Ca + ^ Cf 



TiNj. 



The values of the coefficients A n , B n and C n at a scale /u are then obtained from the ones at the 
scale /jq by 

Kipo), 



Mm) 

SniM) 



B n (,uo ) + ~P m( ^ 
^0 



Kim), 



C n {n) = C n (w) + Poln ( % J B n (mo) + - 



Pi+P^ln(^ 
VA'o 



ln(^)A n Guo). (23) 



Finally, an approximate solution of eq. (|22l) for a s is given by 
Os{}i) 2 f 1 _P^lnL + 1 



2% 



[P? (ln 2 L-lnL-l)+p p 2 ] 



(24) 



pu r p§ l p4L2 

where L = ln(/j 2 /A 2 ). This solution is appropriate for NNLO. The lower order solutions are 
obtained by dropping the corresponding higher order terms in 1/L. Note that in addition the 
scale parameter A has to be adjusted. We use the LO formula for a s in the five-jet rates, the NLO 
formula for a s in the four-jet rates and the NNLO formula for a s in the three- and two-jet rates. 
Note that it is consistent to use the NNLO formula for in the N 3 LO calculation for the two-jet 
rate. The leading order prediction for the two-jet rate is independent of a s . Using the N 3 LO 
formula for a s would not improve the theoretical prediction. It would merely include some - but 
not all - higher order terms. 



4 Numerical results 



In this section I present the results for the jet rates. The jet rates depend on the jet algorithm. 
Results are provided for all jet algorithms introduced in section ©. These are the exclusive 



10 



sequential recombination algorithms Durham, Geneva, Jade-EO and Cambridge, the inclusive 
sequential recombination algorithms Durham, Aachen and anti-fc ? , and the infrared-safe cone al- 
gorithm SISCone. The results are LO for the five-jet rates, NLO for the four-jet rates, NNLO 
for the three-jet rates and N 3 LO for the two-jet rates. The exclusive sequential recombination al- 
gorithms depend on a single parameter y cut . The inclusive sequential recombination algorithms 
depend in addition on a second parameter E m i„. The SISCone algorithm depends on four pa- 
rameters y cut and E m \ n as above and in addition on the two parameters n pass and /. For all jet 
algorithm the jet resolution parameter y cut is varied. The parameter E m i n , which occurs in the 
inclusive jet algorithms is kept fixed and set to 

Emin = T\min \Zf2^; ^\min = 0.077, (25) 

where yQ^ is the centre-of-mass energy. This value corresponds to E m j n = 1 GeV for \[& = 
mz and is motivated by the value used by the OPAL collaboration [97]. The two additional 
parameters for the SISCone algorithm are also kept fixed to their default values: 

n P ass = °°, / = 0.5. (26) 

For each jet algorithm I show two plots. The first plot shows the two-, three-, four- and five-jet 
rate of the jet algorithm at order a? s as a function of y cut . The second plot compares the three-jet 
rate at LO (which is of order a s ), at NLO (order oc^) and NNLO (order a 3 ). In these plots the 
values 

V / e I = m z , a, = 0.118 (27) 

are used. The renormalisation scale /j is varied from /j = mz/2 to /j = 2mz, this defines a band 
for the theoretical prediction which is shown in the plots. The plots for the various jet algorithms 
can be found in figs. (Q~|) - ©. It can be seen from the plots that the four inclusive jet algorithms 
show a different behaviour in the small y cut region as compared to the exclusive jet algorithms. 
This is expected since the additional (and fixed) parameter E m i„ acts as an additional soft cut-off. 

The perturbative coefficients A3, B3, C3, B4, C4 and C5 are reported for each jet algorithm in 
tables (OQ) - (TT6l) . Each table contains the results for the y cltf -values 

logio(yotf) = -4.975+0.05/, i E {0, 1, ...,99}. (28) 

Results on the exclusive jet rates have already appeared for a few selected values of y cut in [[3||5|[6l. 
In this article we cover a wider range of j CM/ -values with a finer binning. The values in this 
article have been calculated with a significantly higher statistics in the Monte Carlo integration 
as compared to the values in (5l[6l|. They are in reasonable agreement with the previous values. 
The results on the inclusive jet rates are new results. 

A few comments are in order: The experimental measured values of the jet rates are by defi- 
nition in the range between zero and one. However, a theoretical prediction based on fixed-order 
perturbation theory can lead to results which are negative or larger than one. This can be seen for 
example in fig. (QQ), showing the perturbative results for the exclusive Durham jet rates. In this 
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plot one sees that the leading-order five-jet rate exceeds one for small values of y cut , as well as 
that the N 3 LO two-jet rate is negative for small values of y cut . In general, unphysical values for 
the jet rates indicate that large logarithms occur and invalidate a fixed-order perturbative expan- 
sion. In the small y^-regions a fixed-order calculation has to be combined with a resummation 
of large logarithms. In the plots of figs. (0Q) - ([8]) we restricted our attention to the regions of y cut , 
where the fixed-order calculation is expected to be reliable by requiring that all jet rates are be- 
tween zero and one. For each jet algorithm this determines a range \y cu t,mim 1], which is plotted. 
Note that the range of y cut -values is different for each jet algorithm. On the other hand we report 
in tables (0Q) - (fT6l) the perturbative results for all values of y cut between 10~ 5 and 1 for all jet 
algorithms. The small y^-values are useful for a matching between fixed-order and resummed 
calculations, as well as for a numerical treatment of resummation. 

The bands in the plots of figs. © - ® are obtained by varying the the renormalisation scale 
/j between /j = niz/2 and /u = 2mz- In higher orders of perturbation theory one observes a cross- 
over of these bands. As a word of warning I would like to mention, that the usual procedure of 
estimating the error of uncalculated higher-order corrections from the scale variation can lead in 
the cross-over regions to an under-estimation. This can be seen in the lower plot of fig. (OQ): The 
NLO prediction for the three-jet rate shows a cross-over between y cut = 0.001 and y cut = 0.01. 
However, the NNLO prediction is outside the NLO-band. A more conservative approach would 
first construct a hull for the scale-variation bands and estimate the uncalculated higher-order 
corrections from this hull. 

5 Conclusions 

In this article I reported on perturbative predictions for the jet rates in electron-positron anni- 
hilation. Eight different jet algorithms have been studied. These are the exclusive sequential 
recombination algorithms Durham, Geneva, Jade-EO and Cambridge, the inclusive sequential 
recombination algorithms Durham, Aachen and anti-fc r , as well as the infrared- safe cone algo- 
rithm SISCone. The results are obtained in perturbative QCD and are N 3 LO for the two-jet rates, 
NNLO for the three-jet rates, NLO for the four-jet rates and LO for the five-jet rates. The results 
of this paper will be useful for an extraction of a s from three-jet events in electron-positron an- 
nihilation. They are also useful for a study of the properties of inclusive jet algorithms, which is 
relevant to LHC experiments. 
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Erratum 



After publication of this paper a bug in the numerical program, which has been used to produce 
the numerical results of this paper, has been discovered. The bug affected the leading-colour 
contribution of the oc^ terms. A typo in the phase-space parametrisation of the five-parton con- 
tribution led to the effect, that a certain region of phase- space was counted twice, while another 
region of phase-space was left out. The bug has not been detected previously, mainly because 
the wrong phase-space parametrisation reproduced the correct phase-space volume. The bug has 
been found by a re-calculation of the four-jet rates with a new method based on numerical in- 
tegration of the virtual loop amplitudes H102N1031 . This bug has now been corrected. It turns 
out, that the changes in the results for the eventshapes and the moments of the eventshapes are 
not significant and the corresponding numbers in ref. EE! need not be updated. However, the 
changes in the results for the jet rates - and in particular the changes in the results for the four- 
jet rates - are sizeable. Therefore, the numerical results and the plots in this version have been 
corrected. 
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Durham jet rates 
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Figure 1: The upper plot shows the jet rates for the Durham algorithm at order a%. The lower 
plot shows the three-jet rate for the Durham algorithm at LO, NLO and NNLO. All plots are done 
with = m z an d &s{ m z) =0.118. The bands give the range for the theoretical prediction 
obtained from varying the renormalisation scale from [i = mz /2 to /j = 2mz- 
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Geneva jet rates 
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Figure 2: The upper plot shows the jet rates for the Geneva algorithm at order oc^. The lower 
plot shows the three-jet rate for the Geneva algorithm at LO, NLO and NNLO. All plots are done 
with = m z an d ttj(mz) =0.118. The bands give the range for the theoretical prediction 
obtained from varying the renormalisation scale from fi = mz/2 to /j = 2mz- 
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Jade-EO jet rates 
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Figure 3: The upper plot shows the jet rates for the Jade-EO algorithm at order a^. The lower 
plot shows the three-jet rate for the Jade-EO algorithm at LO, NLO and NNLO. All plots are done 
with = mz and a s (mz) =0.118. The bands give the range for the theoretical prediction 
obtained from varying the renormalisation scale from fi = mz/2 to /j = 2mz- 
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Cambridge jet rates 
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Figure 4: The upper plot shows the jet rates for the Cambridge algorithm at order a^. The 
lower plot shows the three-jet rate for the Cambridge algorithm at LO, NLO and NNLO. All 
plots are done with a/<2^ = mz and <X S {mz) = 0. 1 18. The bands give the range for the theoretical 
prediction obtained from varying the renormalisation scale from /j = mz/2 to /j = 2mz- 
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Inclusive Durham jet rates 




y cu t 

Figure 5: The upper plot shows the jet rates for the inclusive Durham algorithm at order oc^. 
The lower plot shows the three-jet rate for the inclusive Durham algorithm at LO, NLO and 
NNLO. All plots are done with a/(2^ = m z and a s (mz) = 0.118. The bands give the range 
for the theoretical prediction obtained from varying the renormalisation scale from n = mz/2 to 
/u = 2mz- 
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Aachen jet rates 
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Figure 6: The upper plot shows the jet rates for the Aachen algorithm at order . The lower 
plot shows the three-jet rate for the Aachen algorithm at LO, NLO and NNLO. All plots are done 
with = mz and a s (mz) =0.118. The bands give the range for the theoretical prediction 
obtained from varying the renormalisation scale from fi = mz/2 to /j = 2mz- 
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Anti-fc ? jet rates 

5 jet LO ' 




ycut 



Figure 7: The upper plot shows the jet rates for the anti-^ algorithm at order oc^ . The lower plot 
shows the three-jet rate for the anti-£ f algorithm at LO, NLO and NNLO. All plots are done with 
= mz and a s (mz) = 0.1 18. The bands give the range for the theoretical prediction obtained 
from varying the renormalisation scale from /j = mz/2 to [i = 2mz- 
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SISCone jet rates 




ycut 

Figure 8: The upper plot shows the jet rates for the SISCone algorithm at order 0^ . The lower 
plot shows the three-jet rate for the SISCone algorithm at LO, NLO and NNLO. All plots are done 
with = m z an d &s{ m z) =0.118. The bands give the range for the theoretical prediction 
obtained from varying the renormalisation scale from fi = mz/2 to /j = 2mz- 
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■10 4 


Z.0U1J(J ) 
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10 
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J.5Z /(4j 


1 rA 
IU 


J. /JOJ / 
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10 


-4 


C *70"7f»//1 ^ 

3. /o /y(4) 


ml 
10 


-1.6240(7) 


•10 3 


-4.63(5) 


■10 4 


i . /zyo(z ) 


,a3 

10 


1 t/Ti 1 a3 
J.Z(Z J ■ 1U 


j.jyo(j ) 


1 rA 
IU 


A 1 1 /SOT 

4.zloy / 


1 A 

10 


-4 


3.jyzj(4j 


ml 
10 


-1.4639(7) 


•10 3 


-4.38(5) 


■10 4 


1 .oU4o(z J 
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10 
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z.yy3(3 j 


1 rA 
IU 
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m ] 


-1.3139(6) 


•10 3 


-4.14(5) 


■10 4 




in 3 


Q A/1 \ 1 A3 

5.U(1 J • 1U 


Z.OJ3 J j 


m 4 


5.30884 


10 


-4 


5.2122(3) 


10> 


-1.1733(6) 


•10 3 


-3.82(5) 


■10 4 


1.3750(2) 


10 3 


9.8(1) • 10 3 


2.314(3) 


10 4 


5.95662 


10 


-4 


5.0269(3) 


10> 


-1.0434(5) 


•10 3 


-3.55(4) 


■10 4 


1.2700(1) 


10 3 


1.12(1). 10 4 


2.025(2) 


10 4 


6.68344 


10 


-4 


4.8455(3) 


10> 


-9.216(5) 


10 2 


-3.30(4) 


■10 4 


1.1711(1) 


10 3 


1.22(1) -10 4 


1.770(2) 


10 4 


7.49894 


10 


-4 


4.6675(3) 


10' 


-8.087(4) 


10 2 


-3.07(4) 


■10 4 


1.0782(1) 


10 3 


1.297(9) -10 4 


1.539(2) 


10 4 


8.41395 


10 


-4 


4.4928(3) 


10' 


-7.043(4) 


10 2 


-2.87(4) 


■10 4 


9.908(1)- 


10 2 


1.347(8) -10 4 


1.332(2) 


10 4 


9.44061 


10 


-4 


4.3215(2) 


10 1 


-6.089(4) 


10 2 


-2.67(4) 


■10 4 


9.088(1)- 


10 2 


1.362(8) -10 4 


1.150(1) 


10 4 


1.05925 


10 


-3 


4.1540(2) 


10' 


-5.198(4) 


10 2 


-2.42(3) 


■10 4 


8.3211(9) 


10 2 


1.362(7) -10 4 


9.87(1) - 


10 3 


1.18850 


10 


-3 


3.9898(2) 


10' 


-4.382(3) 


10 2 


-2.19(3) 


■10 4 


7.6033(8) 


10 2 


1.351(6) -10 4 


8.46(1)- 


10 3 


1.33352 


10 


-3 


3.8291(2) 


10 1 


-3.640(3) 


10 2 


-1.96(3) 


■10 4 


6.9331(7) 


10 2 


1.323(6) -10 4 


7.22(1)- 


10 3 


1.49624 


10 


-3 


3.6718(2) 


10 1 


-2.967(3) 


10 2 


-1.77(3) 


■10 4 


6.3084(7) 


10 2 


1.288(5) -10 4 


6.115(9) 


10 3 


1.67880 


10 


-3 


3.5180(2) 


10' 


-2.348(3) 


10 2 


-1.59(3) 


■10 4 


5.7265(6) 


10 2 


1.236(5) -10 4 


5.122(8) 


10 3 


1.88365 


10 


-3 


3.3675(2) 


10' 


-1.790(2) 


10 2 


-1.44(3) 


■10 4 


5.1863(5) 


10 2 


1.182(4). 10 4 


4.320(7) 


10 3 


2.11349 


10 


-3 


3.2204(1) 


10' 


-1.289(2) 


10 2 


-1.27(2) 


■10 4 


4.6849(5) 


10 2 


1.121(4). 10 4 


3.601(6) 


10 3 


2.37136 


10 


-3 


3.0768(1) 


10' 


-8.39(2) -10 1 


-1.12(2) 


■10 4 


4.2206(4) 


10 2 


1.064(4). 10 4 


2.829(5) 


10 3 


2.66073 


10 


-3 


2.9367(1) 


10 1 


-4.35(2)- 


10 1 


-1.00(2) 


■10 4 


3.7919(4) 


10 2 


9.95(3) 10 3 


2.328(5) 


10 3 


2.98538 


10 


-3 


2.7998(1) 


10' 


-8.3(2) -10° 


-8.7(2) 


10 3 


3.3963(4) 


10 2 


9.26(3) -10 3 


1.922(4) 


10 3 
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27 
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A 


B 3 


c 3 


B 4 


c 4 




3.34965 


10" 


.3 


O f f ~ f C f A \ 1 A 1 

2.6665(1) • 10 


2.29(1) • 


1 nl 

10 1 


-7.3(2) 


1 A 


3.0325(3) 


■ 10 / 


8.55(3) 


KF 


1 c c f / a\ iaS 

1.556(4) • 10 


3.75837 


10" 


.3 


2.53644(9) • 10 
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10 1 
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1 A 3 

■ l(r 
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1 n2 
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io J 


1 1 a3 
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4.21696 


10" 


-3 


A A A O \ f \ 1 A 1 
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10 
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1 a3 

■ l(r 
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1 r>2 

• 10 
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10 
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10 
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10 
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10 
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10" 
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9.44061 
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10" 
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10' 
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10 2 
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1.18850 
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2.7(1)- 


10 2 
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10" 




2.0932(2) KT 1 


3.023(4) 


10° 
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2.66073 


10" 




9.624(1) -IO" 2 


1.250(3) 


10° 
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2.98538 


10" 
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3.75837 
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7.49894 
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10- 
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Table 2: Perturbative coefficients for the Durham jet rates (continued). 
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ycm 


A 3 


B 3 


c 3 


B A 


c 4 


c 5 


1.05925 


10" 


-S 


3.366(1)- 


10 2 


-1.241(1) 


10 5 


1.661(5) 


■10' 


8.486(7) 


10 4 


-3.395(4) 


10' 


1.924(2) 


10' 


1.18850 


10" 


-5 


3.297(1)- 


10 2 


-1 191(1) 


10 s 


1.550(4) 


•10 7 


8.174(7) 


10 4 


-3.200(4) 


10 7 


1.826(2) 


10 7 


1.33352 


10" 


-5 


3.228(1)- 


10 2 


-1.1435(9) 


■10 5 


1.445(4) 


•10 7 


7.869(6) 


10 4 


-3.016(4) 


10 7 


1.729(2) 


10 7 


1.49624 


10" 


-5 


3.161(1) - 


10 2 


-1.0965(9) 


■10 5 


1 347(4) 


•10 7 


7.565(6) 


10 4 


-2.846(4) 


10 7 


1.637(2) 


10 7 


1.67880 


10" 


-5 


3.094(1) - 


10 2 


-1.0507(9) 


■10 5 


1.256(4) 


•10 7 


7.271(6) 


10 4 


-2.676(3) 


10 7 


1.547(1) 


10 7 


1.88365 


10" 


-5 


3.027(1) • 


10 2 


-1.0070(8) 


■10 5 


1.167(3) 


■10 7 


6.986(6) 


10 4 


-2.513(3) 


10 7 


1.459(1) 


10 7 


2.11349 


10" 


-5 


2.962(1)- 


10 2 


-9.641(8) 


10 4 


1.086(3) 


•10 7 


6.704(5) 


10 4 


-2.354(3) 


10 7 


1.375(1) 


10 7 


2.37137 


10" 


-5 


2.897(1)- 


10 2 


-9.225(7) 


10 4 


1.003(3) 


•10 7 


6.430(5) 


10 4 


-2.203(3) 


10 7 


1.293(1) 


10 7 


2.66073 


10" 


-5 


2.833(1)- 


10 2 


-8.822(7) 


10 4 


9.25(3) 


10 6 


6.164(5) 


10 4 


-2.062(3) 


10 7 


1.217(1) 


10 7 


2.98538 


10" 


-5 


2.7699(9) 


10 2 


-8.428(7) 


10 4 


8.55(3) 


10 6 


5.905(5) 


10 4 


-1.928(2) 


10 7 


1.143(1) 


10 7 


3.34965 


10" 


-5 


2.7075(9) 


10 2 


-8.053(7) 


10 4 


7.89(2) 


10 6 


5.657(4) 


10 4 


-1.797(2) 


10 7 


1.0714(9) 


•10 7 


3.75837 


10" 


-5 


2.6457(9) 


10 2 


-7.684(6) 


10 4 


7.30(2) 


10 6 


5.410(4) 


10 4 


-1.674(2) 


10 7 


1.0029(9) 


•10 7 


4.21696 


10" 


-5 


2.5846(9) 


10 2 


-7.331(6) 


10 4 


6.69(2) 


10 6 


5.171(4) 


10 4 


-1.557(2) 


10 7 


9.380(8) 


10 6 


4.73150 


10" 


-5 


2.5242(9) 


10 2 


-6.981(6) 


10 4 


6.15(2) 


10 6 


4.942(4) 


10 4 


-1.447(2) 


10 7 


8.754(7) 


10 6 


5.30884 


10" 


-5 


2.4644(8) 
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Table 4: Perturbative coefficients for the Geneva jet rates (continued). 
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10" 


-5 


2.833(1) • 


10 2 


-5.916(6) 


10 4 


4 02(21 


10 6 


3.056(1) ■ 


10 4 


— 5 .096(8) 


■ 10 6 


2.362(2) 


■ 10 6 


1.67880 


10" 


-5 


2.7701(9) 


10 2 


-5.630(6) 


10 4 


3.66(2) 


10 6 


2.915(1) ■ 


10 4 


-4.699(8) 


■ 10 6 


2.194(2) 


■10 6 


1.88365 


10" 


-5 


2.7077(9) 


10 2 


-5.352(5) 


10 4 


3.35(2) 


10 6 


2 179(1) ■ 


10 4 


-4.322(7) 


■ 10 6 


2.034(2) 


■10 6 


2.11349 


10" 


-5 


2.6459(9) 


10 2 


— 5 083('51 


10 4 


3.04(2) 


10 6 


2.648(1) ■ 


10 4 


—3.968(7) 


■ 10 6 


1.886(2) 


■ 10 6 


2.37137 


10" 


-5 


2.5848(9) 


10 2 


—4.827(5) 


10 4 


2 72(21 


10 6 


2.521(1) ■ 


10 4 


—3 «X1((\\ 


■ 10 6 


1.746(2) 


■ 10 6 


2 66073 


10 


-5 


2.5244(9) 


10 2 


—4.577(5) 


10 4 


2 45(21 


10 6 


2.400(1) ■ 


10 4 


—3 327((\\ 


■ 10 6 


1.614(1) 


■10 6 


2.98538 


10" 


-5 


2.4646(8) 


10 2 


-4.340(5) 


10 4 


2 19(2) 


10 6 


2.283(1) ■ 


10 4 


-3.043(5) 


■ 10 6 


1.491(1) 


■ 10 6 


3.34965 


10" 


-5 


2.4056(8) 


10 2 


-4.110(4) 


10 4 


1 96(1) 


10 6 


2.1695(9) 


10 4 


-2.780(5) 


■ 10 6 


1.375(1) 


■ 10 6 


3 75837 


10" 


-5 


2.3474(8) 


10 2 


-3 888(41 


10 4 


1 73f 1 1 
1./ 3(1) 


10 6 


2.0608(9) 


10 4 


-2 535("41 


■ 10 6 


1.268(1) 


■ 10 6 


4.21696 


10" 


-5 


2.2899(8) 


10 2 


-3.676(4) 


10 4 


1.55(1) 


10 6 


1.9559(8) 


10 4 


-2.310(4) 


■ 10 6 


1.167(1) 


■ 10 6 


4.73150 


10" 


-5 


2.2332(8) 


10 2 


-3.473(4) 


10 4 


1 37(1) 


10 6 


1.8543(8) 


10 4 


-2.094(4) 


■ 10 6 


1.073(1) 


■ 10 6 


5.30884 


10" 


-5 


2.1772(8) 


10 2 


-3.281(4) 


10 4 


1 21fll 


10 6 


1.7570(7) 


10 4 


-1.893(4) 


■ 10 6 


9.848(9) 


•10 5 


5.95662 


10" 


-5 


2.1220(7) 


10 2 


—3.092(4) 


10 4 


1.05(1) 


10 6 


1.6640(7) 


10 4 


— 1.714(3) 


■ 10 6 


9.032(8) 


■ 10 s 


6 68344 


10" 


-5 


2.0671(7) 


10 2 


—2.915(3) 


10 4 


9 2(1 1 - 


10 5 


1.5741(6) 


10 4 


— 1 5461*3^ 


■ 10 6 


8.263(7) 


■ 10 s 


7.49894 


10 


-5 


2.0133(7) 


10 2 


—2.745(3) 


10 4 


8.03(9) 


10 5 


1.4880(6) 


10 4 


— 1.388(3) 


■ 10 6 


7.557(7) 


■ 10 s 


8.41395 


10 


-5 


1.9601(7) 


10 2 


—2.580(3) 


10 4 


6.95(9) 


10 5 


1.4057(5) 


10 4 


— 1.243(3) 


■ 10 6 


6.899(6) 


■ 10 s 


9.44061 


10" 


-5 


1 9073("7~1 


10 2 


—2.427(3) 


10 4 


5.83(8) 


10 s 


1.3264(5) 


10 4 


-1.115(2) 


■ 10 6 


6.300(6) 


•10 s 


1.05925 


10" 


-4 


1 8554f7 > ) 


10 2 


-2.279(3) 


10 4 


5.01(7) 


10 s 


1.2505(4) 


10 4 


-9 91(2) 


10 s 


5.737(5) 


•10 s 


1 18850 


10" 


-4 


1.8041(6) 


10 2 


-2.134(3) 


10 4 


4 25(71 


10 s 


1.1779(4) 


10 4 


-8.81(2) 


10 s 


5.212(5) 


■ 10 s 


1 33352 

1 .JJJJi. 


10" 


-4 


1 7536C6') 


10 2 


— 1.999(2) 


10 4 


3.37(7) 


10 s 


1 I086('4 > l 


10 4 


—7.81(2) 


10 s 


4.732(4) 


■ 10 s 


1.49624 


10" 


-4 


1 7035 (6) 


10 2 


-1 H69(2) 


10 4 


2.78(6) 


10 s 


1 0426("3'1 


10 4 


-6 88("21 


10 s 


4.285(4) 


■ 10 s 


1 67880 


10" 


-4 


1 6545('6 > 1 


10 2 


— 1 747 (2) 


10 4 


2.16(6) 


10 5 


9.795(3) ■ 


10 3 


—6 06(2^ 


10 s 


3.877(4) 


■ 10 s 


1 88365 


10" 


-4 


1 6057('6 > ) 


10 2 


— 1.626(2) 


10 4 


1.67(5) 


10 s 


9 191 (3) ■ 


10 3 


—5.30(1) 


10 s 


3.499(3) 


■ 10 5 


2.11349 


10 


-4 


1 558 1 ("5") 


10 2 


— 1.513(2) 


10 4 


1.20(5) 


10 s 


8 61 %(~\) ■ 


10 3 


-4.63(1) 


10 s 


3.154(3) 


■ 10 s 


2 37137 


10" 


-4 


1 Sill (S^l 


10 2 


— 1 408(2) 


10 4 


8 1 (51 ■ 


10 4 


8 0661*2^ ■ 


10 3 


-4.00(1) 


10 5 


2 834(3) 


■ 10 s 


? 66073 


10" 


-4 


1 d.^SOf'S^ 


10 2 


— 1 306('2 > l 


10 4 


A 4(A) - 
4.4(4 J 


10 4 


7 543(2) ■ 


10 3 


-3.44(1) 


10 s 


2 543(2) 


■ 10 5 


9 Q8S3R 


1 


-4 


1 AIQ^^^ 


10 2 

1U 


1 2()Q(2) 


10 4 




10 4 


7 045(2) ■ 


10 3 


-2.94(1) 


10 5 


2 277(2) 


■ 10 s 


J.J^VOJ 


1 n 
1 u 


-4 


1 '*7zlSf'' : \\ 
i.d /40 y J J 


10 2 


1 19lVn 
— 1 . IZU^ 1 f 


in 4 


1 1 /'A'l 
-1-H.4J 


1U 


f. <7Q/9^ 
\j.J/jyz.f ■ 


in 3 


-2.489(9) 


•10 s 


9 03^9^ 


in 5 


J. /JOJ / 


1 f\- 
1U 


-4 


i.jjuji j y 


10 2 


1 niAi 1 ^ 

— l.UJ4^1 ) 


rn 4 


-3.2(3) 


1 n 4 


f. 1 9</9^ 
O. IZJ^Z j ■ 


in 3 


-2.100(8) 


-10 s 




in 5 


A 9 1 £Q7 

4.zioy / 


1 n 
1 u 


-4 


1.2868(4) 


10 2 


Q ^A( 1 ~\ 


HI 3 


-4.SI.3J 


1 n 4 


5.700(1) ■ 


10 3 


-1.745(7) 


•10 s 


1 .DIZ^ZJ 


in 5 


4.73151 


10" 


-4 


1.2439(4) 


10 2 


—8.76(1) • 


10 3 


—6.6(3) 


10 4 


5.297(1)- 


10 3 


-1.431(7) 


•10 s 


1.430(1) 


■ 10 s 


5.30884 


10" 


-4 


1.2020(4) 


10 2 


-8.05(1)- 


10 3 


-7.1(3) 


10 4 


4.916(1)- 


10 3 


-1.159(6) 


•10 5 


1.267(1) 


•10 s 


5.95662 


10 


-4 


1.1607(4) 


10 2 


-7.37(1)- 


10 3 


-8.2(3) 


10 4 


4.555(1)- 


10 3 


-9.27(6) 


10 4 


1.117(1) 


•10 s 


6.68344 


10" 


-4 


1.1201(4) 


10 2 


-6.722(9) 


10 3 


-8.7(2) 


10 4 


4.215(1) ■ 


10 3 


-7.20(5) 


10 4 


9.83(1) 


10 4 


7.49894 


10" 


-4 


1.0801(4) 


10 2 


-6.106(8) 


10 3 


-9.0(2) 


10 4 


3.8938(9) 


10 3 


-5.34(5) 


10 4 


8.619(9) 


•10 4 


8.41395 


10" 


-4 


1.0410(3) 


10 2 


-5.528(8) 


10 3 


-9.3(2) 


10 4 


3.5901(8) 


10 3 


-3.84(4) 


10 4 


7.534(8) 


•10 4 


9.44061 


10" 


-4 


1.0025(3) 


10 2 


-5.013(7) 


10 3 


-9.6(2) 


10 4 


3.3048(7) 


10 3 


-2.51(4) 


10 4 


6.576(7) 


•10 4 


1.05925 


10" 


-3 


9.647(3)- 


10 1 


-4.522(6) 


10 3 


-9.5(2) 


10 4 


3.0366(6) 


10 3 


-1.43(3) 


10 4 


5.709(6) 


■10 4 


1.18850 


10" 


-3 


9.276(3) • 


10 1 


-4.050(6) 


10 3 


-9.0(2) 


10 4 


2.7849(5) 


10 3 


-4.8(3)- 


10 3 


4.936(5) 


•10 4 


1.33352 


10" 


-3 


8.912(3)- 


10 1 


-3.622(5) 


10 3 


-8.8(2) 


10 4 


2.5483(5) 


10 3 


2.9(3) ■ 10 3 


4.251(5) 


■ lit 


1.49624 


10" 


-3 


8.556(2)- 


10 1 


-3.225(5) 


10 3 


-8.7(1) 


10 4 


2.3270(4) 


10 3 


9.1(2) -10 3 


3.643(4) 


•10 4 


1.67880 


10" 


-3 


8.209(2) • 


10 1 


-2.855(4) 


10 3 


-8.3(1) 


10 4 


2.1203(4) 


10 3 


1.41(2) ■ 


10 4 


3.113(4) 


•10 4 


1.88365 


10" 


-3 


7.866(2)- 


10' 


-2.514(4) 


10 3 


-7.7(1) 


10 4 


1.9274(3) 


10 3 


1.75(2)- 


10 4 


2.648(3) 


•10 4 


2.11349 


10" 


-3 


7.531(2)- 


10 1 


-2.201(4) 


10 3 


-7.2(1) 


10 4 


1.7482(3) 


10 3 


2.05(2) ■ 


10 4 


2.240(3) 


•10 4 


2.37136 


10" 


-3 


7.204(2) • 


10 1 


-1.903(3) 


10 3 


-6.9(1) 


10 4 


1.5814(2) 


10 3 


2.21(2)- 


10 4 


1.884(2) 


•10 4 


2.66073 


10" 


-3 


6.884(2) • 


10' 


-1.637(3) 


10 3 


-6.3(1) 


10 4 


1.4267(2) 


10 3 


2.35(1)- 


10 4 


1.574(2) 


■10 4 


2.98538 


10 


-3 


6.571(1)- 


10' 


-1.389(3) 


10 3 


-5.68(9) 


■10 4 


1.2834(2) 


10 3 


2.43(1)- 


10 4 


1.304(2) 


•10 4 



Table 5: Perturbative coefficients for the Jade-EO jet rates. 
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A 3 


B 3 




B 4 


c 4 


c 5 


3.34965 


10 


.3 


6.266(1) • 


1 nl 

10' 


-1.170(3) 


i nl 

• 10 J 


—5.21(8) • 10 


1.1511(2) 


1 n3 

10 J 


2.43(1) • 


IO 4 


1.076(2) 


IO 4 


3.75837 


10 


.3 


5.968(1) • 


10' 


-9.72(2) 


1 n2 

10 z 


—4.68(8) • 10 


1.0291(1) 


1 n3 

10 J 


2.40(1) • 


10 4 


8.80(1) ■ 


1 n3 


4.21696 


10 


-3 


5.6783(9) 


1 nl 

10 


i—l nn//^\ 

-7.89(2) 


1 n2 
10 Z 


— 4.24( 7) ■ 10 


9.168(1) ■ 


1 n2 

10 z 


2.317(9) 


■ 10 4 


7.17(1)- 


1 n3 

10 J 


4.73151 


10 


-3 


5.3966(7) 


1 nl 
10 


-6.31(2) 


1 n2 
10 


— 3.83(7) • ID 


1 in / 1 \ 

8.139(1) ■ 


1 n2 

10 


2.222(8) 


■ 10 4 


5.74(1)- 


1 n3 

10 J 


5.30884 


10 


-3 


5.1221(5) 


1 nl 
10 


—4.82(1) 


1 n2 
10 


— 3.3U(6 ) • 1U 


7.1973(9) 


1 n2 

10 


2.098(7) 


■ 10 4 


4.585(8) 


1 n3 

IO 3 


5.95662 


10 


-3 


4.8541(4) 


1 nl 
10 


-3.47(1) 


1 n2 
10 


o o£ f £\ 1 rA 

—2.86(6) • 10 


6.3387(8) 


1 n2 
10 


1.974(6) 


■ 10 4 


3.632(7) 


1 n3 

IO 3 


6.68344 


10 


.3 


4.5920(3) 


i nl 
10 1 


-2.28(1) 


1 n2 
10 z 


o a n ( c \ 1 cA 
— LAyyj ) ■ 1U 


5.5576(7) 


1 n2 
10 z 


1.827(5) 


■ 10 4 


2.843(6) 


1 n3 

10- 


7.49894 


10 


-3 


4.3354(3) 


1 nl 
10 


— 1.260(9) 


1 n2 
• 10 


—2.11(5) • 1U 


4.8491(6) 


1 n2 
10 


1.677(5) 


■ 10 4 


2.172(5) 


IO 3 


8.41395 


10 


-3 


4.0859(2) 


ml 
10 


-3.68(8) 


1 nl 
10 


— 1.74(4) • 10 


4.2089(5) 


1 n2 
10 


1.519(4) 


■ 10 


1.529(4) 


IO 3 


9.44061 


10 


-3 


3.8434(2) 


1 nl 
10 


3.78(7) ■ 


1 nl 

10 


— 1.30(4) • 10 


3.6328(5) 


1 n2 
10 


1.370(4) 


■ 10 4 


1.130(3) 


IO 3 


1.05925 


10 


-2 


3.6085(2) 


1 nl 
10 


1.024(7) • 


1 n2 
10 


— 1.21(4) • 10 


3.1168(4) 


1 n2 
10 


1.220(3) 


■ 10 4 


8.19(3) - 


10 2 


1.18850 


10 


-2 


3.3807(2) 


1 nl 
10 


1.555(6) • 


1 n2 
10 


— y.7(3) • 10 


2.6568(3) 


1 n2 

10 


1.078(3) 


■ 10 4 


8.106(2) 


IO 2 


1.33352 


10 


-2 


3.1602(2) 


1 nl 
10 


1.988(5) • 


1 n2 
10 


—6.5(3) • 10 


2.2486(3) 


1 n2 
10 


9.39(2) • 


1 n3 

10 


5.864(2) 


IO 2 


1 .49624 


10 


-2 


2.9469(2) 


ml 
10 


2.320(4) • 


1 n2 
10 


—4.1(3) • 10 


1.8882(2) 


1 n2 

10 z 


8.10(2) • 


1 n3 

10 


4.151(1) 


IO 2 


1.67880 


10 


-2 


r\ r-i A r\r\ I 1 \ 

2.7409(1) 


1 nl 
10 


2.569(4) • 


1 n2 
10 


— 2.y(3) • 10 


1.5719(2) 


1 n2 
10 


6.95(2) - 


IO 3 


2.866(1) 


IO 2 


1.88365 


10 


_2 


2.5423(1) 


1 nl 
10 1 


2.745(3) • 


1 n2 
10 z 


— 1.6(2) • 10 


1.2960(2) 


10 2 


5.85(1) • 


IO 3 


1.9216(7) 


•IO 2 


2.11349 


10 


_2 


2.3508(1) 


ml 
10 


2.870(3) • 


1 n2 
10 


—2(2) • 10 


1.0572(1) 


10 2 


4.87(1)- 


IO 3 


1.2453(5) 


-IO 2 


2.37137 


10 


-2 


2.16677(9) 


ml 

■ 10 


2.921(2) • 


m2 
10 


6(2) • 10 2 


8.519(1) ■ 


IO 1 


4.00(1)- 


IO 3 


7.744(4) 


IO 1 


2.66073 


10 


-2 


1.99005(8) 


1 nl 
■ 10 


2.919(2) • 


1 n2 
10 


1 1 f h\ 1 r»3 
1 . /(2) • 10 


6.773(1)- 


IO 1 


3.234(9) 


■IO 3 


4.580(3) 


IO 1 


2.98538 


10 


-2 


1.82078(6) 


1 nl 

■ 10 


2.878(2) • 


1 n2 
10 


2.2(2) - 10 


5.3009(8) 


IO 1 


2.570(7) 


■IO 3 


2.544(2) 


IO 1 


3.34965 


10 


-2 


1.65884(5) 


1 nl 

■ 10 


2.795(1)- 


10 2 


^ A { i \ 1 i^3 

2.4(1) • 10 


4.0759(7) 


IO 1 


2.013(6) 


■IO 3 


1.309(1) 


IO 1 


3.75837 


10 


_2 


1.50425(4) 


1 nl 
■ 10' 


2.678(1)- 


10 2 


2.9(1) • 10 


3.0693(6) 


IO 1 


1.541(5) 


■IO 3 


6.061(7) 


10° 


4.21697 


10 


-2 


1.35705(4) 


1 nl 

■ 10 


2.5384(9) 


•10 2 


1 / 1 \ 1 r»3 

3.1(1) • 10 


2.2550(4) 


IO 1 


1.127(4) 


■IO 3 


2.404(4) 


10° 


4.73151 


10 


-2 


1.21732(3) 


•10' 


2.3757(7) 


-10 2 


3.18(9) • 10 


1.6084(4) 


IO 1 


8.19(3) • 


10 2 


7.69(2) -10-' 


5.30884 


10 


_2 


1.08508(3) 


-10 1 


2.1959(6) 


•10 2 


"5 on/ o^ 1 n3 

3.20(8) - 10 


1.1067(3) 


IO 1 


5.57(2)- 


10 2 


9.9(5) -IO" 4 


5.95662 


10" 


_2 


9.6030(3) 


10° 


2.0065(5) 


•10 2 


3.05(7) • 10 3 


7.280(2) ■ 


10° 


3.74(2)- 


10 2 


5.7(7) -IO" 5 


6.68344 


10 


_2 


8.4303(2) 


10° 


1.8088(4) 


•10 2 


2.84(6) • 10 3 


4.519(2)- 


10° 


2.14(1) - 


IO 2 


1.0(4) -IO" 8 


7.49894 


10 




7.3327(2) 


10° 


1.6085(4) 


•10 2 


2.61(6) • 10 3 


2.599(1)- 


10° 


1.143(8) 


■10 2 


2(1) -1( 


"7 


8.41395 


10 


_2 


6.3099(2) 


10° 


1.4081(3) 


-10 2 


2.40(5) • 10 3 


1.3446(8) 


10° 


1.78(3)- 


IO 1 







9.44061 


10" 


_2 


5.3623(1) 


10° 


1.2129(3) 


•10 2 


2.11(4) • 10 3 


5.955(5)- 


10- 1 


3.2(1)- 


10° 







1.05925 


10 




4.4897(1) 


10° 


1.0249(2) 


-10 2 


1.77(4) • 10 3 


2.081(3)- 


10- 1 


8(1) -ur 2 







1.18850 


10 




3.6921(1) 


10° 


8.471(2)- 


10 1 


1.47(3) • 10 3 


4.99(1) -IO -2 


-1.8(6)- 


10- 3 







1.33352 


10 




2.96951(9) 


■10° 


6.818(1)- 


10 1 


1.17(3) • 10 3 


5.20(4) ■ IO" 3 


-5.26(8) 


10- 3 







1 .49624 


10" 




2.32178(7) 


■10° 


5.323(1)- 


10 1 


9.2(2) • 10 2 


1.54(5) -IO- 4 


-3.5(3)- 


10- 3 







1.67880 


10 




1.74900(6) 


■10° 


3.989(1)- 


10 1 


n 1 n2 
/.U^Zj ■ 1U 

















1.88365 


10 




1.25145(5) 


■10° 


2.8340(8) 


■10 1 


4.9(1) -IO 2 

















2.11349 


10 




8.3015(4)- 


lo- 1 


1.8646(7) -10 1 


3.0(1) -IO 2 

















2.37137 


10 




4.8724(3) ■ 


io- 1 


1.0808(5) 


•10 1 


1.81(8) 10 2 

















2.66073 


10 




2.2717(2)- 


lO" 1 


4.945(4) • 


10° 


7.8(5) -IO 1 
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10 
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Table 6: Perturbative coefficients for the Jade-EO jet rates (continued). 
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Table 7: Perturbative coefficients for the Cambridge jet rates. 
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Table 8: Perturbative coefficients for the Cambridge jet rates (continued). 
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Table 9: Perturbative coefficients for the inclusive Durham jet rates. 
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Table 10: Perturbative coefficients for the inclusive Durham jet rates (continued). 
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Table 12: Perturbative coefficients for the Aachen jet rates (continued). 
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Table 14: Perturbative coefficients for the anti-^ jet rates (continued). 
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3.0749(4) 


1 n2 

10 


5.28(3) 


1 r.3 
10 


1 no a 1 a \ 1 n3 

1.984(4) • 10 


3.34965 


10 


-2 


2.4396(1) 


ml 
• 10 


-8.05(2) 


10 1 


—7.3(2) • 10 


2.8774(3) 


1 n2 

10 


5.20(3) 


1 r.3 
10 


1 n 1 / a \ 1 n3 

1.771(4) • 10 


3.75837 


10 


_2 


2.3650(1) 


ml 

• 10 1 


-5.84(2) 


10 1 


£ r/i\ 1 n3 

—6.5(2) • 10 


2.6853(3) 


1 n2 

Kr 


5.14(3) 


1 r.3 

10 J 


1 C7 A 1 A \ 1 n3 

1.5 74(4) • 10 


4.21697 


10 


-2 


2.2901(1) 


1 nl 
• 10 


-3.71(2) 


10' 


c n / ^\ 1 n3 

—5.9(2) • 10 


2.4987(3) 


1 n2 

10 


5.04(3) 


1 r.3 
10 


1.385(3) • 10 


4.73151 


10 


_2 


2.21490(9) 


1 nl 

■ 10 1 


-1.68(2) 


10' 


—5.5(2) • 10 


2.3173(3) 


1 n2 

Kr 


4.92(2) 


1 r.3 

10 J 


1 1 in (1 \ 1 r.3 
1.13/(3) • 10 


5.30884 


10 


-2 


2.13946(8) 


1 nl 
■ 10 


2.9(2) ■ 10° 


a n / , >\ 1 n3 

—4.9(2) • 10 


2.1410(3) 


1 n2 

10 


4.77(2) 


1 r.3 
10 


n 1 n \ 1 n2 

9.83(3) ■ 10 


5.95662 


10 


-2 


2.06365(7) 


1 nl 

■ 10 


2.09(2) ■ 


10' 


—4.2(2) • 10 


1.9701(2) 


1 n^2 

10 


4.62(2) 


1 r.3 
10 


ai 1 1 n2 

8.47(2) ■ 10 


6.68344 


10 


-2 


1.98744(7) 


1 nl 

■ 10 


3.84(2)- 


10 1 


q o/t\ 1 n3 

— 3.8(2) • 10 


1.8049(2) 


1 n2 

10 


4.45(2) 


1 r.3 
10 


t 1 / \ -I n2 

7.21(2) ■ 10 


7.49894 


10 


-2 


1.91079(6 


1 nl 

■ 10 


5.44(1)- 


10 1 


— 3.0(2) • 10 


1.6451(2) 


1 n2 

10 


4.28(2) 


1 r.3 
10 


£ no 1 1 n2 

6.08(2) ■ 10 


8.41395 


10 


_2 


1.83359(6) 


1 nl 

■ 10' 


6.96(1)- 


10 1 


—2.5(2) • 10 


1.4906(2) 


1 n2 

Kr 


4.07(2) 


1 r.3 

10 J 


a oc/i) 1 n.2 

4.85(2) ■ 10 


n A A f\f 1 

9.44061 


10 


-2 


1.75583(6^ 


1 nl 

■ 10' 


8.36(1) ■ 


10 1 


1 n/i \ 1 n3 

— 1.9(1) • 10 


1.3418(2) 


1 n^2 

10 


3.85(2) 


1 r.3 
10 


o 01/1 \ 1 n2 

3.82(1) ■ 10 


1.05925 


10 




1.67735(6^ 


1 nl 

■ 10 


9.64(1)- 


10 1 


1 a 1 1 \ 1 n3 

— 1.4(1) • 10 


1.1985(1) 


10 2 


3.62(1) 


ir.3 

10 


f\ a c 1 n \ 1 n2 

2.045(9) • 10 


1.18850 


10 




1.59816(5) 


-10 1 


1.081(1) - 


10 2 


—9(1) • 10 2 


1.0609(1) 


10 2 


3.34(1) 


1 r.3 
10 


o cin f 1 \ 1 n2 

3.529(1) • 10 


1.33352 


10 




1.51810(5) 


•10 1 


1.184(1) ■ 


10 2 


—4(1) • 10 


9.292(1)- 


10 1 


3.08(1) 


10 3 


'^'7/1'^/1^ 1 n2 

2.742(1) • 10 


1 .49624 


10 




1.43705(5) 


■10' 


1.275(1) - 


10 2 


2(1) - 10 2 


8.037(1)- 


10 1 


2.81(1) 


10 3 


1 C\££'> i o\ 1 C\1 

2.0662(8) • 10 


1.67880 


10" 




1.35489(4) 


■10' 


1.354(1) - 


10 2 




6.845(1)- 


10 1 


2.499(9) 


■10 3 


1 AQSIf'T^ 
L.Qyojy 1 ) ■ 1U 


1.88365 


10 




1.27140(4) 


-10> 


1.4153(9) 


10 2 


1.3(1) - 10 3 


5.7202(9) 


10' 


2.209(8) 


■10 3 


1.0347(5) -10 2 


2.11349 


10 




1.18637(4) 


•10 1 


1.4617(9) 


10 2 


1.6(1) -10 3 


4.6696(8) 


10' 


1.899(7) 


■10 3 


6.712(4) -10 1 


2.37137 


10 




1.09955(4) 


•10 1 


1.4895(8) 


10 2 


2.1(1) - 10 3 


3.7002(7) 


10 1 


1.584(6) 


■10 3 


4.006(3) • 10 1 


2.66073 


10 




1.01061(3) 


•10' 


1.4960(7) 


10 2 


2.41(9) -10 3 


2.8225(6) 


10' 


1.278(5) 


■10 3 


2.147(2) -10 1 


2.98538 


10 




9.1916(3) 


■10° 


1.4766(7) 


10 2 


2.88(9) -10 3 


2.0537(5) 


10 1 


9.80(5) 


10 2 


9.97(1) -10° 


3.34965 


10 




8.2474(3) 


■10° 


1.4286(6) 


10 2 


2.97(8) -10 3 


1.4133(4) 


10' 


7.09(4) 


10 2 


3.929(7) -10° 


3.75837 


10 




7.2668(3) 


•10° 


1.3474(6) 


10 2 


3.27(8) -10 3 


9.105(3)- 


10° 


4.74(3) 


10 2 


1.268(3) -10° 


4.21697 


10 




6.2418(3) 


•10° 


1.2392(6) 


10 2 


3.32(7) -10 3 


5.395(3) ■ 


10° 


2.97(2) 


10 2 


1.85(1) -10-' 


4.73151 


10 




5.1613(2) 


•10° 


1.1143(5) 


10 2 


3.38(7) -10 3 


2.842(2) ■ 


10° 


1.65(1) 


10 2 


1.7(2) -10" 4 


5.30884 


10 




4.0271(2) 


•10° 


9.928(5)- 


10 1 


3.30(6) • 10 3 


1.250(1) • 


10° 


7.26(7) 


10 1 


2(1) -ur 8 


5.95662 


10 




2.9286(2) 


•10° 


8.432(5) • 


10 1 


3.13(5) -10 3 


4.189(8) • 


10- 1 


1.20(2) 


10 1 


8(5) -Kr 9 


6.68344 


10 




1.8964(2) 


•10° 


6.591(4)- 


10 1 


2.87(4) -10 3 


7.60(4) ■ 10~ 2 


-1.05(9) 


■ ur 1 


6(6) ■ ur 5 


7.49894 


10 




9.681(1) -KT 1 


4.451(4)- 


10 1 


2.26(3) -10 3 


5(2) ■ 10' 


-10 


-1.8(2) 


10 -8 





8.41395 


io- 




2.4135(7)- 


ur 1 


2.025(3)- 


10 1 


1.41(2) 10 3 







2(2) ■ 10° 





9.44061 


10 









4.98(7) -10- 3 


1.7(1) -10° 
















Table 16: Perturbative coefficients for the SISCone jet rates (continued). 
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